The detailed mean-field treatment of the Bose polaron problem in two and three dimensions is presented. Particularly, assuming that impurity is immersed in the dilute Bose gas and interacts with bosons via the hard-sphere two-body potential, we calculate the low-momentum parameters of its spectrum, namely, the binding energy and the effective mass. The limits of applicability of the mean-field approach to a problem of mobile impurity in Bose-Einstein condensates are discussed by comparing our results to the Monte Carlo simulations data.
I. INTRODUCTION
It always captures our imagination when simple and physically clear arguments are used to get more insight in a problem. If these arguments are additionally supported by the comparatively simple calculations which correctly explain an experimental situation or reproduce (at least qualitatively) results of essentially exact numerical methods we are twice happily. One of such an effective tool in context of many-body physics is the mean field (MF) approximation, which in its different realizations can describe on qualitative level a variety of the essentially quantum phenomena such as magnetism, superfluidity and superconductivity. The MF approximation in the theory of Bose systems, that is usually associated with Gross [1] and Pitaevskii [2] on their study of the quantized vortices in dilute gases, has found its application, after the realization of the Bose-Einstein condensation of alkali atoms more than two decades ago, in the description [3] of ultracold trapped quantum gases.
Besides of explicit accounting for the external trapping potential and description of topologically non-trivial objects in dilute Bose condensates in low dimensions or restricted geometries, the MF was shown [4] to be useful in the Bose polaron problem. Being able to describe both the self-localization phenomenon [5] [6] [7] [8] [9] [10] and translationinvariant [11] states of impurity by an appropriate choice of the wave function, the MF approximation was demonstrated [12] [13] [14] to be quite accurate analytical tool in the problem of one dimension (1D) Bose polaron. In recent years a single impurity atom immersed in Bose condensates have attracted much attention not least because of the experimental realization of 3D [15, 16] Bose polarons. Equilibrium properties of these system in 3D are explored theoretically at zero [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] and finite [30] [31] [32] [33] temperatures, and the dynamics is well understood [34] [35] [36] [37] [38] [39] [40] . A characteristic feature of the many-body physics * e-mail: volodyapastukhov@gmail.com in high dimensions is the presence of few-particle effects, fingerprints of which can be detected [41] [42] [43] [44] [45] in the Bose polaron behavior.
Although the experimental realization of 2D Bose polarons is lacking (in part because of breakdown [46] of the quasiparticle picture at any finite temperatures), theoretical efforts in this direction have been made [47, 48] . A more deep insight in the ground-state properties of impurity immersed in 2D Bose condensates, however, can be obtained by means of Monte Carlo (MC) simulations, which were recently reported by two groups [49, 50] .
It was shown in our recent article [51] that application of the MF approximation to the problem of 1D Bose polaron leads to the reasonable low-momentum impurity spectrum. A quite satisfactory coincidence with the results of MC simulations [52, 53] were found for an impurity immersed both in the system of weakly-interacting bosons and in the Tonks-Girardeau gas. The objective of present article is to extend our previous MF analysis to the Bose polaron problem in higher dimensions.
II. MODEL

A. Basic equations
The system to be discussed is a single impurity atom immersed in the D-dimensional (two-and threedimensional) Bose environment at absolute zero. It is assumed the thermodynamic limit, i.e., the whole system is loaded in large volume L D with periodic boundary conditions. Particularly, we are going to explore properties of a semi-phenomenological model with the Hamiltonian
where the first term is kinetic energy of impurity with position r I and mass m I . The Hamiltonian of Bose sub-arXiv:2001.03220v1 [cond-mat.quant-gas] 9 Jan 2020 system
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goes back to seminal work of Landau [54] on his theory of superfluidity of liquid 4 He, describes N bosons of mass m with E[n] being the normal-ordered energy density of the uniform system at rest. The field operators ψ + (r), ψ(r) obey standard bosonic commutation relations [ψ(r), ψ + (r )] = δ(r − r ) and [ψ(r), ψ(r )] = 0, while n(r) = ψ + (r)ψ(r) denotes the local density of bosons. The third term in Hamiltonian (2.1) stands for the Bose-system-impurity interaction with hard-sphere (hard-disk in 2D) two-body potential
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The non-commutativity of the first and third terms in (2.1) makes the further consideration quite cumbersome, therefore, in order to overcome this difficulty we perform the Lee-Low-Pines [55] transformation, H U = U + HU , originally proposed in the polaron problem, where U = exp {ir I (p − P)/ }, p is the impurity momentum and operator P = dr ψ + (r)(−i ∇)ψ(r) denotes the momentum carrying by Bose particles. The unitary-transformed Hamiltonian
is independent of r I , but contains additional terms
In the following we mainly focus on properties of almost motionless impurity, i.e. p 0, which means that the average counterflow of bosons P is also almost zero. Note, however, that because of quantum effects P 2 does not disappear even when momentum of impurity is exactly zero.
The time evolution of the field operator can be deduced by using the standard quantum-mechanical prescription
where m r = m I m/(m I +m) is the reduced mass and E [n] represents (the normal-ordered) derivative of the energy density with respect to n.
B. MF approximation for motionless impurity
The mean-field ansatz suggests [56] that the field operator ψ(r, t) in Eq. (2.6) can be replaced by complex function e −iµt/ φ(r) with µ being the chemical potential that fixes the average density of the system. In general, the obtained MF equation is very complicated and can be exactly solved only in 1D [51] , but for motionless impurity p = 0 the wave function φ(r) is determined by much more simple equation
and can be chosen to be real-valued. The latter condition automatically rejects the topologically non-trivial solutions [57] of Eq. (2.6). Actually, n(r) = |φ(r)| 2 represents the density profile of bosons in the presence of impurity and when Φ(r) = 0 the solution is obvious φ(r) = const.
Having calculated the density profile n(r), we are in position to obtain the energy of the system 'Bose particles + impurity'
Then, subtracting the MF energy of 'pure' bosons from E we get the impurity binding energy ε I . Because the density of bosons is no longer uniform in presence of an impurity it is also instructive to calculate the quasiparticle residue, which is determined by the modulus squared of the wave-function overlap,
N ! |vac are the MF ground-state wave functions of N bosons with and without impurity, respectively. Here |vac is the normalized vacuum state, and bosonic creation operators are related to the field operator in conventional way
where φ(r) is the solution of Eq. (2.7). Explicit calculations of the overlap then yield
assuming that φ(r) is real function we finally obtain the quasiparticle residue in thermodynamic limit N 1
where n ∞ = n(r → ∞).
C. Effects of slow impurity motion
At small but non-zero p the impurity energy increases parabolically
where m * I is the effective mass which takes into account the interaction with Bose medium. It is easy to show by using naive speculations that the MF effective mass is always larger than 'bare' impurity mass. Indeed, for the repulsive boson-impurity interaction the moving particle has to push apart the surrounding bosons which leads to effective increase of its inertial mass. For the attractive boson-impurity potential, on the other hand, one may think that bosons stick to impurity providing that it gains some additional mass. In both cases, however, the motion of impurity causes the non-zero average bosonic flow P , which necessary decreases the energy of the whole system. Actually, the occurrence of the directed motion of Bose particles is responsible for the value of the effective mass
So, in order to calculate the average momentum of Bose system we have to solve the Gross-Pitaevskiilike equation (2.6) with non-zero p. The stationary solution are most simply written in exponential form e −iµt/ |φ(r)|e iΘ(r) , where the phase
satisfies linear equation for any magnitude of p, while the squared amplitude n(r) of the wave function is always determined by the nonlinear one. For the calculations of the effective mass, however, we only need to know the leading-order small-p behavior of phase field
where p/m * I = (p − P p→0 )/m I , and θ(r) is spherically symmetric function. Substitution of ansatz (2.15) in Eq. (2.14), where n(r) is the spherically symmetric solution of Eq. (2.7), leads to ordinary second-order differential equation
The above equation is readily solved analytically in onedimensional case (D = 1), while in higher dimensions we can only obtain numerical solutions. But behavior of function θ(r) at large distances can be evaluated, θ(r) ∼ A D /r D , because typically local density of bosons n(r) exponentially reaches a constant value at large distances from impurity. In what follows that integral, P = drn∇Θ, which determines the average Bose system's momentum is formally divergent (because the result depends on sequence of integration). Exactly the same situation is realised in classical hydrodynamics [58] during the calculations of momentum carrying by the liquid that is disturbed by a rigid body that moves with a constant velocity. Nevertheless this momentum is finite, and in order to calculate it at small p we multiply the both sides of Eq. with u being arbitrary constant vector. The integrand in the last term organizes in the divergence of some vector field if we choose u = pm r /m * I and then by using the Gauss theorem we obtain
where additional notation is used
with Ω D being the solid angle in D dimensions. In 3D this formula was derived for a first time but in a different way by Gross [59, 60] in context of a single ion immersed in superfluid 4 He. Combining everything together we obtain, after some algebra, the average momentum of bosons It is believed then one can expand n(r) =n+δn(r) in the denominator of Eq. (2.24) and treat δn(r)/n as a 'small' parameter. A few first terms of this series expansion preliminary converted in the Fourier space read
In such a way it could be explicitly shown for all higherorder terms with increasing powers of δn/n that the outlined tendency is preserved and we finally obtain
The latter expression is one of the central results of present study which in a case of D = 1 reproduces recently published [13, 51] formula for the MF impurity effective mass in one dimension. Another interesting and analytically tractable example is the limit of almost incompressible Bose medium (for instance, liquid 4 He), where n(r) 0, r ≤ a Ī n, r > a I , (2.27) and the appropriate effective mass
up to a factor m r /m I in the second term coincides with the virtual mass of sphere moving in ideal classical fluid.
III. NUMERICAL RESULTS AND DISCUSSION
A. 3D system
The 3D Bose polaron is the most well-studied both experimentally and theoretically system of an impurity immersed in an environment formed by weakly- [61, 62] and strongly-interacting [63] bosons. Our MF treatment of this problem requires knowledge of the energy density of 3D Bose system alone. Although we focus on the dilute limit, where energy density is given by
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(here a is the s-wave scattering length) the presented formulation can be extended [64] to the so-called unitary limit, where formally a → ∞ and E[n] ∝ n 5/3 in 3D. The next step, after identifying of E[n], is to calculate the ground-state wave function φ(r), i.e., to solve Eq. (2.7), which in dimensionless units looks as follows
where φ(r) = √ n ∞φ (κr), x = κr, κ 2 = m r µ/ 2 , µ = 4π 2 n ∞ /m and we only seek for the spherically symmetric solutions. This equation should be supplemented by the boundary conditionsφ(κa I ) = 0 and φ(∞) = 1, while the density of bosons at infinity n ∞ and the chemical potential should be related to average densitynL 3 = n ∞ drφ 2 (κr). For the numerical calculations we chose the following set of parameters [25] : note the Bose polaron binding energy obtained in MC simulations [25] . It is worth mentioning that the effective mass presented in [25] was calculated for the model with square-well boson-impurity potential, therefore not presented here [65] . For comparison, we have also plotted parameters of the impurity spectrum when the interaction between bosons is a bit stronger, na 3 = 10 −4 . In this case the MF calculations are also believed to be valid because the beyond-mean-field correction to the chemical potential of the uniform Bose system is only of order 6% magnitude. 
B. 2D system
The MF energy density of 2D Bose gas which is valid only in the extremely dilute limit na 2 1 reads [66-69]
where s-wave scattering length a characterizes shortrange interaction between particles in 2D. Substituting this expression in Eq. (2.7) and neglecting subleading terms of order 1/| ln na 2 | 2 in E [n] we obtain the secondorder nonlinear differential equation [here x and κ are the same as in 3D case, but µ = 4π 2 n ∞ /(m| ln n ∞ a 2 |)]
that should be solved with the same as Eq. (3.30) boundary conditions. Again, with the bosonic density profiles in hands we numerically computed low-momentum characteristics of the 2D Bose polaron (see Figs. 4, 5, 6) . In order to make connection to results of recent MC simulations [49] of impurity in 2D system of bosons we took the same set of parameters, characterizing the system under consideration, namely, na 2 = 10 −5 and m I = m. This is a very important test for our MF approach because in their MC study [49] the authors used hard-disk poten- tial for modelling both the boson-boson and the bosonimpurity two-body interactions. Of course, the magnitude of dimensionless inter-boson coupling na 2 = 10 −5 is too large to describe bosons accurately by the MF energy density (3.31) and one has to take into account the beyond-MF corrections [68, 69] in Eq. (3.32). It is understood, however, that the qualitative MF picture of the impurity behavior will not be changed even in the latter case. The MC calculations of the binding energy of 2D Bose polaron were performed in [49] for two types of wave functions and therefore two types of symbols are plotted in Fig. 4 . We also supplied figures with curves (dashed lines) representing the perturbation theory calculations [46] valid for extremely dilute Bose systems and weak boson-impurity repulsion. The latter restriction is crucial, because values ln(a I /a) = 5 ÷ 6 are limiting ones for the perturbative results. Particularly, starting from this region the effective mass and the quasiparticle residue behave unphysically. In contrast, our MF calculations are free of these shortcomings and can be applied for description (at least qualitative) of Bose polarons at any magnitude of fraction a I /a. The most unexpected consequence of the whole previous analysis is that in general the MF approximation in context of the impurity immersed in 2D and 3D Bose gases demonstrates worse consistence with MC results in comparison with its application to the 1D Bose polaron problem [51] . This might look particularly strange because there is always a thought that the MF should work better in higher dimensions. So, what is wrong with MF in this case? To answer this question we first would like to stress that physics of Bose gas itself is much more complicated in higher dimensions than in 1D. Even when the system is dilute enough the echoes of many-body effects are tangible in the thermodynamics of bosons. In order to argue the latter statement let us recall that the perturbative result for the ground-state energy of 1D Bose gas has much more vast region of applicability than its highdimensional counterparts. This suggests that few-body quantum effects in higher dimensions which are typically missed in the MF treatment should also affect the polaron properties. In contrast, in 1D the first quantum corrections to the impurity spectrum were recently found [70] to be relatively small. The possible way include the manyboson effects is to extend the presented MF treatment to the so-called local density approximation. Technically this approximation is nothing but the replacement of the MF energy density of bosons in Hamiltonian (2.2) by more sophisticated formula, which necessarily contains corrections due to quantum fluctuations.
IV. CONCLUDING REMARKS
In summary, we have proven by calculating parameters of the low-momentum spectrum of a single impurity immersed in dilute two-and three-dimensional Bose condensates that the mean field approximation is a promising semi-quantitative tool for analysis of various aspects of the Bose polaron problem even in the strong-coupling regime. The main advantage of this approach is its simplicity which in combination with very clear physical interpretation give hope for further application to the impurity problem in strongly-interacting Bose condensates and fermionic superfluids. Our study also provides the indirect evidence of importance of the quantum fluctuations for the accurate quantitative description of Bose polarons in two and three dimensions.
